The cylindrical vector beams (CVBs) compose two circularly polarized vortex beams carrying orbital angular momentum (OAM) states with the opposite topological charge. We derived the probabilities for OAM of high-order CVB propagation through turbulent atmosphere. The calculated probabilities of OAM are based on the polarization insensitive element detection and phase perturbation coherence function assumption. The numerical calculation results show that the probabilities of OAM state spreading to neighbor states of CVBs through turbulent atmosphere increase with the propagation distance increase. Under the same conditions, the spreading of OAM for CVBs are weaker than Laguerre-Gaussian beam propagation through turbulent atmosphere. The results show that the OAM state of CVBs could improve the performance of optical communications systems in atmospheric turbulence.
Introduction
For increasing capacity and spectral efficiency of light in free space optical (FSO) communication and fiber optical communication, polarization-division multiplexing, wavelength-division multiplexing, and mode-division multiplexing (MDM) have been proposed and demonstrated [1] - [5] . MDM denotes spatial modes as information channels carrying independent signal data. In general, mutually orthogonal basis can be used for MDM, such as spin angular momentum (SAM) state [2] , orbital angular momentum (OAM) state [3] and/or vector modes [4] , [5] (de)multiplexing. In the last decade, the vortex beams propagation through atmospheric turbulence have attracted attentions for OAM states (de)multiplexing [1] - [5] . However, in FSO communication, the OAM beams are strongly disturbed by refractive index fluctuations of atmospheric turbulence [6] . Therefore, the transmission OAM state will spread to the neighbor OAM states and cause the serious crosstalk [7] - [13] . The OAM states of beams passing through weak-to-strong atmospheric turbulence are theoretically and experimentally studied, and the results shown that the OAM state spreading to the neighbor higher or lower OAM states with different probabilities [14] , [15] . Per-channel bit-error rate evaluation shows the uneven effects of crosstalk on the constituent channels on OAM-carrying signal of a multichannel system [16] , [17] . Increasing the spacing between detected OAM modes, adaptive optics compensation, the Shack-Hartmann wavefront correction method and a phase correction method are used to mitigate turbulent atmosphere effect [18] - [21] . The effect of atmospheric turbulence on the polarization state of the beam is relative weak [6] , [22] so that the vector beams have advantages of stability compared with scalar beams in FSO communication [23] - [25] . With the same beam parameters, the vector vortex beam shows substantially lower effect than the scalar vortex when they propagate through turbulent atmosphere. CVBs as a basis of mutually orthogonal vector beams can be used in MDM (de)multiplexing [26] . Many methods have been proposed to generate the CVBs, such as the single transmissive phase-only spatial light modulator [27] , the microfabricated spiral phase plate and radial (or azimuthal)-type linear analyzer [28] multicore photonic crystal fiber [29] , the tunable liquid crystal q-plate [26] , the dielectric metasurfaces [30] , and the Twyman Green interferometer [31] . CVBs are composed by two left and right circularly polarized vortex beams with the opposite topological charge and the OAM states of the CVBs can be detected by the gratings or other polarization insensitive elements [32] . Therefore, the CVBs are less affected by the turbulent atmosphere and the OAM states carried by the CVBs can be used in FSO communication with improved performance [23] - [25] , [33] . In this letter, we theoretically studied the OAM state purity of the CVB disturbed by the atmospheric turbulence. The probability equation of the OAM states for the CVB propagation through turbulent atmosphere is derived by Kolmogorov turbulence and rotational coherence function for the spatial coherence of the beam. In the received plane, the probabilities of the OAM states carried by the CVB and LG beam spreading are comparatively studied. Our results show that the CVBs have advantage over LG beams for mitigating the effect of atmospheric turbulence.
Principles
The electric fields of a high-order CVB for the hybrid-azimuthal-radial polarization beams in the polar coordinates (r 0 , ϕ 0 ) at z = 0 are expressed as follows [34] - [36] :
Here,
is the amplitude distribution with the beam width of w 0 . The integer number l is the order of CVB, while the topological charge of the OAM states for the CVBs equal to ±l. In this letter, an OAM state for the left and right circularly polarized light beams is chosen as a pure LG mode and the radial index of LG modes is omitted. The hybrid-azimuthal-radial polarization CVBs can be decomposed by two left and right circularly polarized OAM beams with opposite spiral phases and equal intensity as follows [34] - [36] :
The electric field in free space at received plane is obtained by the Huygens-Fresnel integral [22] 
Here, k = 2π/λ is the wave number at the wavelength of λ, and G (r 0 , r ; z) is the free space Green's function.
Substituting (2) into (3), we can obtain
Here, (r , ϕ) is the polar coordinates at received plane, and
The laser beam will be disturbed by the refractive index fluctuation when it propagates through turbulent atmosphere. The refractive index fluctuations induce a phase and an intensity fluctuation. In weak turbulent atmosphere, we suppose that laser beam is affected by a pure phase perturbation. For vortex beams in turbulent atmosphere, the OAM states will be spread to the neighbor OAM states and the mode purity will be degraded. In order to characterize OAM state spreading, at the receive plane, we detect the OAM states of the high-order CVBs by gratings or polarization insensitive vortex elements [3] , [32] . The field of the beam propagation through turbulent atmosphere at the receive plane can be decomposed by a superposition of orthogonal basis [6] 
The superposition coefficients a p ,l (z) in (6) can be obtained by the inner products
At the received plane, the probability of the OAM is obtained by summing the probabilities of eigenvalues for the polarization space
Substituting (6) and (7) into (8), we use the completeness of the radial basis p R * p (r )R p (r ) = δ(r , r )/r , integral over r and obtain the probabilities as follows:
Here, the asterisk denotes the complex conjugate, and x is an ensemble average over the random media statistics.
From (4), the x direction complex amplitude of the CVB disturbed by the weak turbulent atmosphere is given by
Here, l 0 is the initial topological charge of the unperturbed LG beam, and φ(r , θ) is the phase perturbation induced by turbulent atmosphere.
The field correlation function in x direction at received plane in (9) can be written as
Here, C φ (r , θ, θ ) is the phase perturbations coherence function for the turbulent atmosphere at radius r. Assuming the refractive index fluctuations to be a Gaussian random process and spatially homogeneous [6] , [22] , we can obtain
is the coherence length (induced by the Kolmogorov turbulence) of a spherical wave propagating in the turbulent medium with the structure constant of C 2 n . Substituting (11) and (12) into (9), we can obtain the probabilities in the x direction
Here, x is the scattering coefficient of turbulence aberration in the x direction, as follows:
With the similar method, the scattering coefficient of turbulence aberration in the y direction is obtained as follows:
The total scattering coefficients can be obtained as follows:
Substituting (5) and (16) into (9), the probabilities of the OAM states for CVB propagation through turbulent atmosphere can be obtained as Fig. 1 . Schematic of the OAM state spreading to the neighbor OAM states when it propagates through turbulent atmosphere.
Here, P x1 (l), P x2 (l) and P y1 (l), P y2 (l) is the probabilities of OAM for CVBs in x and y direction, respectively, as follows:
Here, a = 2k 2 w 2 0 /(k 2 w 4 0 + 4z 2 ) + 2/ρ 2 0 . In above derivations, the following integral expressions are used [37] :
Equations (16) and (17) are the main analytical results to calculate the scattering coefficient and the probabilities of the OAM states for CVBs in turbulent atmosphere.
Numerical Calculations
In this section, we study the scattering coefficients and the probability of OAM states for the CVBs propagation in turbulent atmosphere numerically. From (2), the CVBs can be generated by a linear polarized Gaussian beam through a q-plate. A linear polarized Gaussian beam is converted to left and right circular polarized vortex beams, which are superposed to generate the CVB with certain topological charge determined by the q-plate [27] . Fig. 1 schematically shows the OAM state spreading to the neighbor OAM states when it propagates through turbulent atmosphere. From  Fig. 1 , the OAM state is disturbed by the refractive index fluctuations in atmospheric turbulence and spread to the neighbor OAM states. The OAM states probabilities of CVB can be detected by the polarization insensitive elements at the received plane. The probabilities of spreading OAM states are determined by the scattering coefficients of the CVB propagation in atmospheric turbulence.
Based on (16), we model the scattering coefficients of LG and CVB in weak atmospheric turbulence. In this paper, we chose the structure constant of C From Fig. 2 , for the parameter r /ρ 0 < 1 (the narrow beam or weak turbulent atmosphere), the scattering coefficients for the OAM states of the CVB are approximate equal to the LG beam. When the beam size or the turbulent atmosphere strength increases, the scattering coefficients of the LG beams and CVBs will decrease. Different high order LG beams have the same scattering coefficient when they propagate in turbulent atmosphere. In (16), the first term in the right of equation note the scattering coefficient of LG beam, which depend on the topological charge difference. For CVBs in turbulent atmosphere, different high order CVBs have the different scattering coefficient. The scattering coefficient of OAM state for CVB are larger than the LG beams, with the order of the CVB increasing, the scattering coefficients are close to the LG beams. For example, with the parameter of r /ρ 0 = 4, the scattering coefficient values is 0.078 of LG beam, 0.0782 of sixth-order CVB and 0.1257 of second-order CVB. These phenomena can be explained by the CVB composed by two circularly polarized vortex beams, the two OAM state are all contributing to the scattering coefficient. From Fig. 2 , the scattering coefficients of the OAM state for CVBs are larger than the LG beams in the same conditions, therefore the CVBs have advantage over the LG beams in turbulent atmosphere. Fig. 3 shows the scattering coefficients of the forth-order CVB spreading to the different neighbor OAM states. Initially, when the parameter of r /ρ 0 increases (the beam size or the turbulent atmosphere strength increases), the scattering coefficient of OAM state for the CVBs spreading to the neighbor state will increase. When the parameter of r /ρ 0 further increases, the scattering coefficient difference of the certain OAM state and the neighbor OAM states will decreases. When the parameter of r /ρ 0 is large, the scattering coefficient of the forth-order CVB is smaller than the second-order and third-order CVB and larger than the fifth-order and sixth-order CVB. For example, the parameter of r /ρ 0 = 3.5, the scattering coefficients are 0.113, 0.109, 0.103 0.095, 0.085 for l 0 = 4 of CVB spreading to l CVB = 2, 3, 4, 5, 6. From Fig. 3 , the OAM state is easier spreading to the lower order OAM states for the certain order OAM state of CVBs. is small, the probabilities of OAM state for LG beams will proximate to the CVBs. When the parameter 1/ρ 0 increases, the probabilities OAM states for the LG beams and CVBs will decrease. For the same order, the probabilities of OAM states for CVBs are larger than the LG beams. For example, the parameter of 1/ρ 0 = 3.5, the probabilities of OAM states for CVBs are 0.058, 0.028, 0.012, 0.005, and 0.002 for l CVB = 2, 3, 4, 5, and 6 and the probabilities of LG beams are 0.032, 0.016, 0.007, 0.003, and 0.001 for l LG = 2, 3, 4, 5, and 6. These results are consistent to the scattering coefficients of LG beams and CVBs propagation through turbulent atmosphere. In the same condition, probabilities of the low order CVBs (LG beams) are larger than the high order CVBs (LG beams). From Fig. 4 , the CVBs mitigate the effect of atmospheric turbulence are superior to the LG beams. The de-coherence effect of scalar beam is stronger than the vector beam when they propagate in turbulent atmosphere [23] , [24] . Therefore, the turbulent atmosphere induced phase perturbation for the helical phase carried by the vector beam (CVBs) is smaller than that for the scalar beam (LG beams). As a result, the probabilities for the orbital angular momentum states of CVBs spreading to the neighbor states are also smaller than the LG beams. Fig. 5 shows probabilities of the OAM state l 0 = 4 for the CVBs spreading to the different neighbor OAM states (l = 2, 3, 4, 5, 6). When the parameter 1/ρ 0 is small, probabilities of the forth-order CVB will be larger than the neighbor states. For example with 1/ρ 0 = 0.1, the probabilities are 0.001, 0.044, 0.909 0.044, and 0.001 for l = 2, 3, 4, 5, and 6. Initially, when the parameter 1/ρ 0 increases, probabilities of the certain OAM state will decrease, and the probabilities spreading to the neighbor OAM states will increase. When the parameter 1/ρ 0 further increase, probabilities differences of the certain OAM state and the neighbor OAM states will decreases. When the parameter of 1/ρ 0 is large, the probabilities of the forth-order CVB is smaller than the second-order and third-order CVB (see Fig. 5(a) ) and larger than the fifth-order and sixth-order CVB (see Fig. 5(b) ). From Fig. 5 , the trends of the probabilities are consistent to the scattering coefficients for the CVB.
Conclusions
In summary, the scattering coefficients and the probabilities for the OAM state of high order CVBs propagation through turbulent atmosphere are derived. The theoretical calculations show that the scattering coefficients and the probabilities for OAM states of CVB through turbulent atmosphere decreases assistant to the propagation distance. Furthermore, the numerical results show that the OAM state of CVB spreading to the low order neighbor OAM states easier than the high order neighbor OAM states of CVB in turbulent atmosphere. For the same conditions, the scattering coefficient and probabilities of the CVBs are larger than the LG beams. When the CVBs are used for MDM in FSO communication, the crosstalk will decrease. Therefore, the CVBs have advantage over LG beams for mitigating the effect of atmospheric turbulence. The CVBs might be very useful for FSO communications.
